Using the higher analytic torsion form of Bismut and Lott we construct a characteristic class T (E) ∈ H * (B, R) for smooth fibre bundles E → B with fibre isomorphic to S 2n−1 . When E is the unit sphere bundle of a hermitean vector bundle V → B, then we calculate this class in terms of the Chern character ch(V ).
Introduction
Let E → B be a smooth fibre bundle with a closed manifold M as fibre, and let F → E be a complex vector bundle with a flat connection. In [1] Bismut and Lott defined the higher analytic torsion form T (E, F, T H E, g v , h F ) ∈ Ω ev (B) which depends on the following additional structure:
• a hermitean metric h F on F .
Under certain conditions the higher analytic torsion form is closed and defines a cohomology class T (E, F ) ∈ H * (B, R) which only depends on E → B and F and not on the additional structure. The class T (E, F ) behaves natural with respect to pull-back of bundles.
The basic challenge in the theory is to give a topological description of the cohomology class T (E, F ). The definition of higher Reidemeister torsion by Igusa and Klein [6] and by Dwyer, Weiss and Williams [5] yields topologically defined cohomology classes of B with similar properties as T (E, F ). The relation between the topologically and analytically defined classes is far from being understood.
On the computational side the calculation of higher Reidemeister torsion is still very complicated. In fact explicit results are only known when E → B is a quotient of the Hopf fibration S 3 → S 2 by a finite subgroup Z/rZ of U(1) and F is the bundle S 3 × Z/rZ,ρ C, where ρ : Z/rZ → U(1) is a nontrivial representation.
The higher analytic torsion T (E, F ) can be calculated in a much larger class of examples. The structure group G of the fibre bundle E → M is a subgroup of the group of diffeomorphisms Dif f (M) of M. If G is compact, then it was shown by Bismut and Lott [1] , that T (E, F, T H E, g v , h F ) can be expressed in terms of characteristic forms of the G-principal bundle P → B associated to E. Here we assume that T H E is induced from a connection of P , g v comes from a G-invariant Riemannian metric on M, and the hermitean metric h F M on the restriction F M of F to M is compatible with G, too. We see that T (E, F, T H E, g v , h F ) is a closed form which represents a cohomology class T (E, F ) ∈ H * (B, R). This class is independent of the choice of the connection on P , the G-invariant Riemannian metric on M, and the hermitean metric h F M . But in general it is not an invariant of the pair (E, F ) alone.
The G-manifold M and F M give rise to an invariant power series T(M, F M ) ∈Î(G) on the Lie algebra of G. One obtains T (E, F ) by applying the Chern-Weil homomorphism to T(M, F M ), i.e.
T (E,
In [2] the power series T(M, F M ) was explicitly calculated in terms of a G-cell decomposition of M.
In order to assure that T (E, F, T H E, g v , h F ) is closed one usually assumes that M is odd-dimensional and that F M is acyclic, i.e. H p (M, F M ) = 0 for all p ≥ 1, where F M is the locally constant sheaf of parallel sections of F M . In the present paper we consider sphere bundles, i.e. bundles with fibre S 2n−1 . For n ≥ 2 the bundle F M is trivial and never acyclic. If F is the trivial flat hermitean bundle E × C (which we omit in our notation from now on), then by Lemma 3.1 the form T (E, T H E, g v ) is still closed provided the volume of the fibres induced by g v is constant. By Lemma 3.6 the higher analytic torsion form defines a characteristic class T (E) ∈ H ev (B, R) for any bundle E → B with fibre S 2n−1 which is independent of the additional choices.
Let G be a compact connected Lie group and ρ : G → U(n) be a unitary representation. Then G acts on the unit sphere S 2n−1 . Let T ⊂ G be a maximal torus, t be its Lie algebra, t * C be the complexified dual of t, and Λ ⊂ t * C the weight lattice. Restriction to t identifiesÎ(G) with the space of Weil-invariant power seriesÎ(T ) W on t. We compute T(S 2n−1 ) ∈Î(T ) W in terms of the weights ∆(ρ) ⊂ Λ of the representation ρ. If α ∈ ∆(ρ), then m α denotes the multiplicity of the weight α. We assume that 0 ∈ ∆(ρ).
In order to formulate the result in a compact way we introduce the following formal power series Q ∈ R[x]:
where ζ R is the Riemann zeta function.
Let B be a Kähler manifold, i.e. B is a Riemannian manifold with holonomy U(n). Let SB → B be the unit sphere bundle. Combining Theorem 1.1 in the case where ρ is the standard representation of U(n) on C n and Equation (1) we obtain
where ch(T B) = ch 0 (T B) + ch 2 (T B) + ch 4 (T B) + . . . denotes the Chern character of T B.
If we take B = CP n , then for p ≥ 1 we have ch 2p (T B) = (n+1) p! H p , where H := c 1 (O(1)). In particular, ch 2p (T B) = 0 for p ≤ n. Since ζ R (2j + 1) = 0 for j ≥ 1 we see that T 4j (SB) = 0 as long as 0 < 2j ≤ n.
Following the ideas of [3] we can consider the trivial fibre bundle
where Met 1 (S 2n−1 ) is the Fréchet manifold of all volume one Riemannian metrics on S 2n−1 . The bundle E has a natural horizontal distribution T H E and a tautological vertical Riemannian metric g v . The group Dif f (S 2n−1 ) acts on this bundle and leaves the additional structure invariant. The higher analytic torsion form
) is closed and Dif f (S 2n−1 )-invariant. Using that Met 1 (S 2n−1 ) is contractible we construct a continuous group cohomology cocycle c T on Dif f (S 2n−1 ) which represents a continuous group cohomology class
The main goal of the present paper is to prove the following theorem.
Except for n = 1 the continuous group cohomology of Dif f (S 2n−1 ) has not been calculated yet. Thus Theorem 1.3 provides a lower bound on the dimensions of the continuous group cohomology of Dif f (S 2n−1 ). If n = 1, then explicit generators of
Since S 1 has a non-trivial fundamental group we can twist with flat bundles F → S 1 such that T 2 (F ) is non-trivial. We refer to [3] for an explicit calculation of this class.
At the end of this introduction let us sketch the main steps of the proof of Theorem 1.3. We view S 2n−1 as the boundary at infinity of the complex hyperbolic space CH n . We thus obtain an embedding of the isometry group SU(n, 1) of CH n into Dif f (S 2n−1 ). We then consider a discrete torsion-free cocompact subgroup Γ ⊂ SU(n, 1). We want to show that the restriction to Γ of T 4k is non-trivial for 0 < 2k ≤ n.
The quotient B := Γ\CH
n is a model of the classifying space BΓ and we thus have a natural identification H * (Γ, R) ∼ = H * (B, R). It turns out that the restriction of T to Γ corresponds to the class T (SB) ∈ H * (B, R) under this identification. Now B is a closed locally symmetric Kähler manifold and we can apply Theorem 1.2 in order to express T (SB) in terms of the Chern character ch(T B). The complex projective space CP n is the compact dual symmetric space to CH n . Since ch 4k (T CP n ) = 0 for 0 ≤ 2k ≤ n we conclude by the proportionality principle that ch 4k (T B) = 0 for 0 ≤ 2k ≤ n, too. Since for k > 0 the class T 4k (SB) is a nonzero multiple of ch 4k (T B) it must be nontrivial. This finishes the sketch of the proof of Theorem 1.3.
Higher equivariant torsion of complex representation spheres
In this section we specialize the results of [2] to complex representation spheres and prove Theorems 1.1 and 1.2. Let G be a connected compact Lie group. Higher equivariant torsion of a closed G-manifold M was introduced by Lott [7] using a normalization which is slightly different from the one employed in Bismut and Lott [1] and in the present paper. But the results of [7] and [2] remain true with the present normalization. The present normalization behaves even better since the heat kernel expressions are integrable for small times.
We describe the two nessecary changes in [2] . First the definition , Def. 3.1, of the higher equivariant torsion has to be replaced by
where we employ the notation introduced in [2] and φ multiplies the component of ho-
. The other point is the computation for G = S 1 and M = S 1 .
Here we employ the formula of Bismut and Lott, [1] , Prop. 4.13. Let
C be the generator of the weight lattice such that α(∂ t ) = 2πı. Then
Let G be a connected compact Lie group and ρ : G → U(n) be an unitary representation. The unit sphere S 2n−1 ⊂ C n becomes a G-manifold. Let T ⊂ G be a maximal torus and t be its Lie algebra. By restriction we identify the space of invariant power series on the Lie algebra of G with the space of Weil invariant power seriesÎ(T ) W on t. We have to calculate the higher equivariant torsion T(S 2n−1 ) ∈Î(T ) W of the T -manifold S 2n−1 .
By Theorem 1.1 [2] we first must compute the contribution of the one-dimensional T -orbits to the equivariant Euler characteristic χ T (S 2n−1 ). Then we have to apply the homomorphism T T mapping the target group of the equivariant Euler characteristic to power series on t. Note that T T is essentially given by (3).
We assume that T has no fixed point on S 2n−1 . Let ∆(ρ) ⊂ t * C be the set of weights of ρ. Then 0 ∈ ∆(ρ). A point ξ ∈ S 2n−1 generates a one-dimensional T -orbit iff it is a weight vector. Let S α ⊂ S 2n−1 be the subset of weight vectors to α ∈ ∆(ρ). All points ξ ∈ S α generate the same orbit type T /T α , where T α is the stabilizer of ξ. The quotient T \S α is diffeomorphic to the complex projective space CP mα−1 , where m α is the multiplicity of the weight α. Note that CP mα−1 has Euler characteristic m α . We conclude that
Now T /T α ∼ = S 1 and using Equation (3) we obtain
where Q is the formal power series (2). Theorem 1.1 immediately follows from Equations (4) and (5). 2 We now specialize to the case that G = U(n) and ρ = id. Let T ⊂ U(n) be the subgroup of diagonal matrices and identify t with R n such that exp(x) = diag(e 2πıx 1 , . . . , e 2πıxn ), where
denotes the base of t * C which is the dual of the standard base of t ∼ = R n multiplied by 2πı, then ∆(ρ) = {α 1 , . . . , α n }, and each weight occurs with multiplicity one. By Theorem 1.1 the homogeneous component of degree 2j of T(S 2n−1 ) is
while the components of odd degree vanish.
Let now B be a n-dimensional Kähler manifold and P → B be the corresponding U(n)-principal bundle associated to the tangent bundle. If R is the curvature of T B, then the Chern character ch(T Y ) ∈ H ev (B, R) is represented by
We can write
Thus Theorem 1.2 follows from Equations (6) and (1).
3 Continuous cohomology classes of Dif f (S 2n−1
)
In this section we construct nontrivial continuous cohomology classes T 4j ∈ H 4j c (Dif f (S 2n−1 ), R), 0 < 2j ≤ n, which are related to higher analytic torsion. In fact Dif f (S 2n−1 ) is a smooth manifold and we will use differentiable cochains. For more details on continuous cohomology we refer to Fuks [4] .
Let Met 1 (S 2n−1 ) be the manifold of all unit volume Riemannian metrics on S 2n−1 . We consider the trivial fibre bundle E := Met 1 (S 2n−1 ) × S 2n−1 → Met 1 (S 2n−1 ) with the obvious horizontal distribution T H E. The bundle E has a tautological vertical Riemannian metric 
We now argue that f (∇ H * , h H * ) = 0. Note that H * is nontrivial for * = 0 and * = 2n − 1. In both cases we have parallel sections given by the constant function and the fibrewise volume form, respectively. The length of these sections at b ∈ B w.r.t. h H * is just the volume of the fibre of E over b. Thus H * is trivialized by sections of constant length and f (∇ H * , h
The group Dif f (S 2n−1 ) acts on S 2n−1 and Met 1 (S 2n−1 ), and thus diagonally on E. The additional structure T H E and g v is Dif f (S 2n−1 )-invariant. We conclude that
For k ∈ N we construct a continuous group cohomology cocycle c T,k of Dif f (S 2n−1 ). The constrcution depends on the choice of a base point g 0 ∈ Met 1 (S 2n−1 ). Let q : Met(S 2n−1 ) → Met 1 (S 2n−1 ) be the projection from the manifold of all Riemannian metrics to the manifold of volume one metrics given by
where t j are baricentric coordinates of the k-dimensional standard simplex ∆ k . Then we define
represented by c T,k is independent of the choice of the base point g 0 .
We leave the simple verification to the interested reader (see also [3] , Sec.2).
Definition 3.3 We define
We now consider S 2n−1 as the boundary at infinity of the complex hyperbolic space CH n . The isometry group SU(n, 1) of CH n acts on S 2n−1 . We choose any discrete torsion-free cocompact subgroup Γ ⊂ SU(n, 1). It is a well known theorem of A. Borel that such subgroups exist. The group Γ acts freely on the contractible space CH n and the quotient B := Γ\CH n is a model for the classifying space BΓ. In particular, there is a natural identification of H * (Γ, R) with H * (B, R).
Proposition 3.4 Under the above identification the restriction of T to Γ is equal to T (SB).
Proof. We first make the identification H * (Γ, R) ∼ = H * (B, R) explicit. Let T ∈ Ω j (B) be a closed form representing a class [T ] ∈ H j (B, R). We will construct a group cocycle C T,j which represents the corresponding cohomology class in H j (Γ, R).
Let x 0 , . . . , x j be points in CH n , 0 ≤ j ≤ 2n. We want to construct a map σ(x 0 , . . . , x j ) : ∆ j → CH n in an SU(n, 1)-invariant way. Assume that we already have constructed this map for all subsets of j − 1 points. Since CH n has negative sectional curvature there is a unique point m(x 0 , . . . , x j ), which has equal distance to all points x i and such that this distance is minimal. For any pair of points y, z ∈ CH n let γ(y, z, .) : [0, 1] → CH n be the unique geodesic from y to z. If t ∈ ∆ j we let u(t) ∈ {0, . . . , j} be the smallest index such that t u(t) ≤ t i for all i ∈ {0, 1, . . . , j}. We define
, . . . ,
), (j + 1)t u(t) ) .
We choose a base point x ∈ CH n . The cocycle C T,j can now be written as
whereT denotes the lift of T from B to CH n .
The subgroup SU(n) ⊂ SU(n, 1) is a maximal compact subgroup. Let g 0 be the volume one metric on S 2n−1 which is fixed by SU(n). We identify the orbit SU(n, 1)(g 0 ) with the symmetric space SU(n, 1)/SU(n) = CH n and thus obtain an inclusion CH n ֒→ Met 1 (S 2n−1 ) which is SU(n, 1)-equivariant.
The restriction of T (E, T H E, g v ) to CH n is a SU(n, 1)-invariant closed formT . It induces a closed form T ∈ Ω * (B). We define the cocycles c T,2k and C T,2k of Γ using the base point g 0 .
Lemma 3.5
The group cohomology cocycles c T,k and C T,k of Γ represent the same cohomology class.
Then we put
We leave it to the interested reader to check that b has the required properties (see also [3] , Sec.2 for a similar argument). 2
The restriction of E to CH n is a trivial SU(n, 1)-equivariant fibre bundle over CH n with S 2n−1 as fibre equipped with a horizontal distribution and a vertical Riemannian metric. The quotient by Γ is a fibre bundle F → B with fibres S 2n−1 , horizontal distribution T H F and vertical Riemannian metric g v .
Since the higher analytic torsion form is functorial with respect to pull-back we have
In order to finish the proof of the proposition it suffices to prove the equality of cohomology classes [T ] = T (SB). In fact, by Lemma 3.5 the class [T ] represents the restriction of T to Γ under the identification
We construct a diffeomorphism of fibre bundles F : SB → F . Since SB = Γ\SCH n , where SCH n is the sphere bundle of CH n , and F = Γ\(CH n ×S 2n−1 ) w.r.t. the diagonal action it suffices to produce a Γ-equivariant diffeomorphismF :
n . Then v defines a geodesic ray from the base x ∈ CH n of v which hits the sphere at infinity S 2n−1 in a point b. We defineF (v) := (x, b).
On SB we have two sets of additional structures. On the one hand we have the horizontal distribution T H SB which is induced from the Levi-Civita connection and the vertical Riemannian metric g v induced by the locally symmetric Kähler metric of B normalized such that the fibres have unit volume. On the other hand we have the integrable horizontal distribution F −1 (T H F ) and the vertical Riemannian metric F * g v induced from F .
In order to prove the proposition remains to prove the following lemma which assures that the class T (SB) is well defined independent of the choice of additional structures. As we already observed in the introduction by Theorem 1.2 the class T (SB) 4k is a non-zero multiple of ch 4k (T B) for k ∈ N and ch 4k (T Y ) = 0 as long as 0 ≤ 2k ≤ n. By Proposition 3.4 the classes T 4k ∈ H 4k c (Dif f (S 2n−1 ), R) are nontrivial for 0 < 2k ≤ n. This finishes the proof of Theorem 1.3.
2
Remarks:
• The restrictions of the classes T 4k−2 to Γ vanish.
• Let Dif f (S 2n−1 ) δ be the diffeomorphism group with discrete topology. The proof of Theorem 1.3 shows that the restriction of T 4k to Dif f (S 2n−1 ) δ remains nontrivial for 0 < 2k ≤ n.
